For smooth vector fields the classical method of characteristics provides a link between the ordinary differential equation and the corresponding continuity equation (or transport equation). We study an analog of this connection for merely bounded Borel vector fields. In particular we show that, given a non-negative Borel measureμ on R d , existence ofμ-measurable flow of a bounded Borel vector field is equivalent to existence of a measure-valued solution to the corresponding continuity equation with the initial dataμ.
The function Φ t (·) is called the (phase) flow of b. If b andū are smooth then the classical method of characteristics allows to represent the solution of (1.2) using the flow of b (and vice versa):
i.e. u(t, x) =ū(y)/ det(∇Φ t )(y)| y=Φ
t (x) . In this work we study the relation between the Cauchy problems (1.1) and (1.2) under significantly weaker assumptions. Namely, we will assume that b is Borel and bounded. Nonsmooth vector fields arise in many areas of mathematical physics, in particular, in hyperbolic conservation laws, fluid mechanics and kinetic theory [1, 2] .
For convenience of the reader let us recall the definitions of solutions of (1.1) and (1.2) for non-smooth vector fields. Let
where Lip M (I; R d ) denotes the set of Lipschitz functions f :
We consider Γ as a metric space endowed with the metric of C(I; R d ).
for all t ∈ I. An integral curve γ of b is called a solution of the Cauchy problem
Let Γ b denote the set of the integral curves of b. Clearly Γ b ⊂ Γ. 
Here |µ| denotes the total variation of a Borel measure µ. 
holds for a.e. t ∈ I.
Let us denote with L d the Lebesgue measure on R d . It is easy to see that if u is a classical solution of (1.2) then µ t := u(t, ·)L d is a measure-valued solution of (1.5). However measure-valued solutions in general are not absolutely continuous with respect to Lebesgue measure. For example, if γ solves (1.4) then µ t := δ γ(t) solves (1.5).
The starting point of the present work is the following result proved by O.E. Zubelevich:
Zubelevich has also proved that under the assumptions of Theorem 1.4 for any locally finite Borel measureμ on R d the problem (1.5) has a measurevalued solution with the initial dataμ. In fact the following rather well-known independent statement holds: Theorem 1.5. Suppose thatμ is a locally finite Borel measure on R d and there exists a Borel function F :
Then there exists a measure-valued solution of (1.5) with the initial conditionμ.
Our main result is an inverse version of Theorem 1.5: Theorem 1.6. Suppose that {µ t } t∈I is a measurable family of non-negative locally finite Borel measures on R d which solve (1.5) with some initial condition µ ≥ 0. Then there exists a Borel function F :
Note that existence of signed measure-valued solution in general might provide no useful information about the integral curves. In particular one can take b(x) = −1, x ≥ 0 and b(x) = 1,
Indeed, (bμ) ′ = 0 but there are no integral curves starting from x ∈ [0, T ) (after touching zero they are not defined). Therefore assumption that µ t ≥ 0 is crucial. Moreover, Theorem 1.6 shows that for this vector field and for any positive measureμ on [0, T ) the problem (1.5) has no measure-valued solutions.
In the example above it is possible to modify vector field by redefining the value of b at x = 0. Namely, forb = 1 (−∞,0) − 1 (0,+∞) the Cauchy problem (1.5) has a weak solution, in particular, for any finite positive measureμ on [0, T ). However the encountered "pathology" cannot always be removed by redefining the vector field on a Lebesgue-negligible subset. For example (see [5] ), if K ⊂ [0, 1] is a closed totally disconnected set of positive Lebesgue measure and b = 1 K then solutions of (1.4) do not exist for x ∈ K.
In view of Theorems 1.5 and 1.6 existence of Borel flow is, in a certain sense, equivalent to existence of a nonegative measure-valued solution of (1.5): (1); 2. the problem (2) with the initial dataμ has a non-negative measure-valued solution.
Proof of the main result
Given metric spaces X and Y and Borel function f : X → Y let f # µ denote the push-forward (or image) of a measure µ on X under f . I.e. (f # µ)(B) :
Let us denote by e t the map e t : Γ → R d defined by e t (γ) := γ(t). We also denote by e the map e : I × Γ → I × R d defined by e(t, γ) := (t, γ(t)). It is easy to see that Theorem 1.5 can be proved by checking that
The proofs of Theorem 1.6 and Theorem 1.4 rely on the following corollary of the measurable selection theorem: Theorem 2.1 (see e.g. [6] , Th. 6.9.7). Let X be a compact metric space, Y be a Hausdorff topological space and f : X → Y be a continuous mapping. Then there exists a Borel set B ⊂ X such that f (B) = f (X), f is injective on B and the mapping f −1 : f (X) → B is Borel.
Before proving Theorem 1.6, let us briefly mention the main idea of the proof of Theorem 1.4. If b is continuous (or, more generally, L 1 (I; C(R d ))) then Arzelà-Ascoli theorem imples that Γ b is compact. Therefore, using Theorem 2.1 with X = Γ b and f = e 0 , one can select a Borel flow F of b.
When b is not continuous it is no longer evident that Γ b is compact. However, if there exists a non-negative regular Borel measure η on Γ and η is concentrated on Γ b (i.e. η(Γ \ Γ b ) = 0), then Γ b is σ-compact (up to an η-negligible subset).
Existence of a suitable measure η follows from existence of a non-negative measure-valued solution of (1.5) in view of the following Superposition Principle (see [1] and Theorem 8.2.1 in [7] ): Theorem 2.2 (Superposition Principle). If {µ t } t∈I is a measurable family of non-negative locally finite Borel measures on R d which solves (1.5) then there exists a non-negative locally finite Borel measure η on Γ such that η-a.e. γ ∈ Γ is an integral curve of b and µ t = (e t ) # η (2.1)
holds for a.e. t ∈ (0, T ).
Proof of Theorem 1.6. Let us prove that Γ b is a η-measurable set (the set Γ b is in fact Borel (see [8] , Proposition 2). Let t k , k ∈ N, denote the rational points in I. Then
where
Hence it is sufficient to prove that for any t ∈ I the map
Consider the measure
and therefore by Fubini's theorem the function
is η-measurable. The functions γ → γ(t) and γ → γ(0) are continuos hence we have proved that G is η-measurable.
By (1.3) and Arzelà-Ascoli theorem the sets Γ m = {γ ∈ Γ : |γ(0)| ≤ m} are compacts for all m ∈ N. Since Γ = ∪ m∈N Γ m the space Γ is locally compact. Moreover, η is σ-finite, since
whereB(x, r) = {y ∈ R d : |x − y| ≤ r}. Finally, Γ is separable (being a subset of separable space C(I; R d )). Hence η is inner regular (see e.g. [9] , Prop. 1.43). By inner regularity of η we can find a sequence of compacts K n ⊂ Γ b such that K n ⊂ K n+1 and η(Γ b \ ∪ ∞ n=1 K n ) = 0. Since e 0 : Γ → R d is continuous, for each n ∈ N by Theorem 2.1 there exists a Borel function f n : e 0 (K n ) → K n such that e 0 (f n (x)) = x for any x ∈ e 0 (K n ). We define 
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